Scattering Parameters

Motivation

= Difficult to implement open and
short circuit conditions in high
frequencies measurements due to
parasitic L’sand C’s

= Potential stability problems for
active devices when measured in
non-operating conditions

= Difficult to measure V and / at
microwave frequencies

= Direct measurement of amplitudes/
power and phases of incident and
reflected traveling waves
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General Network Formulation
Vl+ I+

Port Voltages and Currents )j\‘ Zai
Vi=Vi+Ve L =1 +I; Vi }/ e
X,
LT T 7port 1
L ’ \
AVAVas 1 Var A
=y -
Zy, | N-port \
’ —— I
V! port2 Network !
VI . &
Seo Q&N
o TN
Characteristic (Port) Impedances port N
ve v Vv 1y
Zo’k=l+=_[__ %ZON
K k SR
Note: all current components are defined positive with direction into the positive terminal at each port
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Impedance Matrix
+11_, V| Zn le lev 1
V Port 1
! o ° Vz _ Zzl Zzz ZzN [2
4{2 R . : . . .
Vy Port 2
-~ N-port VN ZNI ZNZ ZNN IN
: [Network
o ]=[z]1]
V Port N
N - o] Vi,O: o Iporti
Open-Circuit Impedance Parameters ; '_b——'Portj
j @ =
V N-port
i,oc
i= Network
o— |
. Port N
J 1, =0 for k= ]
4
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Admittance Matrix

v, Port 1

v, Port 2

VN Port N

N-port
Network

Short-Circuit Admittance Parameters

ij

i,sc

J 1y, =0 for k=

I, Y, Y, Yy 1[n
[2 — Y21 Y22 YZN VZ
[N YNI YNZ YNN VN
-0
li’SCTEZ;Porti
P —
VJ(W) Port j
N-port
Network
| o_PortN
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The Scattering Matrix
The scattering matrix relates incident and reflected voltage waves
at the network ports as (assume Z;, =Z):
Vl_ Sll S12 SIN I/1+
P S Se Sa o 7] =[8107°]
: I/l+ I+
V— S S S V+ )i\‘ Zo,l
N N1 N2 NN N ) I §"Vl_ r
1
with voltage and current at port n: - LT TTT Zport 1
— 22 I, V. bt AN
V.=V, +V, 'Z\ZY—,_—Z—L*:'— N-port
[ =I"+1" ;\/\I/‘ p;rt_Z_‘ Network ,'

=(v-v.)/Z

Note: S-parameters depend on port impedances Z

portN
Vy Iy
Z,

0 V 1 0,N
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The Scattering Matrix

The scattering matrix relates incident and reflected voltage waves
at the network ports as (assume Z;, =Z):

V-
v

Sn S12 SlN
S21 Szz S2N

I/l +
vy

or [V 1=[S1V"]

Vf}ﬁl ZOl
Interpretation? , /’/// Vi
withy, kT Jport 1

Power relationships?

N-port \‘.
etwork 4

7

ZEN L
A\ Y
=1V 4 =] rt N N
NN \\\
Note: S-parameters depend on port impedances 7, = Z, . :‘4 Zoy

N *N 7
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Transmission Line Basics

Lossless Transmission Line

Vl+ 0 Z VZ

e y &

ZO1Vl<_ " — T2y,
e $
E, Nz Z,, 0=pI vy E,
/ Port 1 Port 2 \

V. =V'+V® V(z)=V, e +V;e " V, =V +V;
I =I"+I 3 3 N SN i
1 1 1 I(Z)=Ig€_]ﬁz +I[;€+]ﬁz 12 —12 +12

Phase Constant: |8 = w~/LC

’L v |
Characteristic Impedance: | Z, = E= 0 — 0
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Net Power Flow on Lossless Line

Z, = Ro(real)‘ Z, y=jp sz‘) IjZL

<
<

z' 0

’V(z') =V (e*jﬁz' + I—‘Le_"ﬁz')

0]

2
A
Pae() = 4Re{V@)(1@) } =5 1=, | = const.
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Generalized Scattering Parameters
considerations and definitions
V+
Z, .. 6=0 oy oy L
< =7, 5
5‘:'—‘ "
E Z, |4 Z, F=V_=ZL_ZO
0 - vt Z,+Z,
+ + FE V ——ZL E
V=2, =-Z,I D Z 47,
VeIVt DD _1(1+T)E
z, V", .
o I * = 1R +o7+
vr=1(v+2,) — [ Sgld {V G )}
E e vV ZL 1y
Vo =1(r-z,1) - 2
Pmax
(assuming Z,isreal Z, =R,)
10
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Normalized Wave Quantities

= |t is useful to express power P without characteristic impedance

(port impedance) Z, =R, (but P still depends on R)

. 2 Ve
+ 1 + + 1 + =
P =dRel @y =4 R e
pr=—ire{p @y b=ty [ Jr) =D b=
e A e AL
2 2 0 R,
a—>b 5 5
R, —b R sl
L5 7Y TR T 2R
E e ZL 0 0
] 2 2
~ e e}
(assuming real Z,) »
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Scattering Matrix
Ros I,
£y fV1 Port 1 b S S, Siv |[ @
“—| N-port b, _ Sy Sy Sov || 2
Rop I, Network : : : : :
E, +V2 Port 2 b, Svi Sy, Sl lay
S
Ron Iy Sij =L
E +VN Port N J la, =0 for k=
s
o VR Vi/ARss o
= = i=j
E«f/ZVRO’f E, =0 for all k= j Ef/zVRO’«f E, =0 for all k= j
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Scattering Parameters

2
(z,=R, =real)

Physical meaning of ‘Sij

2 P ‘ _actual power leaving port

Sij = : = . . (= ])
Py |50 maximumpower fromport |, -0
by «
Ros 14

Port 1
N-port
Network

2
Physical meaning of ‘Sjj‘

_ V_/_/ Ry, _ 2R,
%0 Vf/ Ry Zi;+Ry,

P =P -P =P, {1-\517\2}

13
Prof. Andreas Weisshaar — ECE580 Network Theory - Guest Lecture — Fall Term 2011

Relation to Z-Matrix
Impedance matrix: Z, - Zyy

V=271 with Z =

Express V,lin terms of a and b Zy v Zw

R)*(a+b)=Z R;"*(a-b) b=(Z +U)'(Z, -U)a

with normalized impedance matrix Zn — l{(_)l/2 V4 Ral/z

(z,=R, =real) R, 0 0
and port impedance matrix R}J> = 0 . 0 R, = (Rgz)_1
0 0 JR,,

=S=(z,+U)'(z,-VU)=(z,-U)z,+U)"
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Scattering Parameters

Port n is said to be matched when it is terminated
with a load having the same impedance as the port

impedance Z; ..

Often, all port impedances are chosen to be equal

and Z, ,= 50 Q.

The values of the scattering (S-) parameters depend

on the chosen port impedances.

S-parameters can be algebraically renormalized to
different and unequal port impedances. (see later)
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Two-Port Networks

Insertion and Return Loss

ZO,I

Sll Sl2
E S21 Szz ZO’Z

RLS I
Return Loss

indicates the extend of mismatch in a network in dB

port1: |RL =-20log,,[S,,| indB

Insertion Loss
measure of transmitted fraction of power in dB

from port 1 to port 2: | IL = -20 10g10|S21| in dB
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Example

Lossless Transmission Line:

V+ V2+
_—]> A B
Zy e —V. 2y,
+ +
E, v, Z, 0 v, E,
Port 1 Port 2

If Z, 1 = Z,, = Z,, the scattering parameters can be easily obtained by
inspection:

S, =8,=0 Sp=8,= e’’’

10 0 e
oy 127

[2]1=Z,(UT+[SINU1-[S])" =

| -jé -jo
- 1 e _Z, | e
([U] _[S]) ' = [_ o 1 jl T et 1 ||ei® 1 =
1 1 et 7, [1+e?” 2e77 ] _[-jZ,c0tf - jZ,/sinf
TP e - | 2¢77  14e7/ -jZ,/sin@ - jZ,cotl
17
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50Q2 Transmission Line - 502 References

|
-, Term I Term <> |$| S-PARAMETERS I
Port Terml TLIN Term2 Port
P1 Num=1 TL1 Num=2 P2 S_Param
Num=1 7=50 Ohm Z=50.0 Ohm Z=50 Ohm Num=2 SP1
= E=90 = Start=0.001 GHz
L F=1GHz L Stop=10.0 GHz
- - Step=.01 GHz
1.0
0.8 —
—_ -
-
N 06
==
[2X%) T
Qo ao |
o 0.4
€ € -
0.2 —
0.0 i { i { i { i { i
0 2 4 6 8 10

freq, GHz

18
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50Q2 Transmission

Line - 100Q2 References

Term
Inn Terml H IN
Num=1 TL1
Nurn 1 Z=100 Ohm  Z=50.0 Ohm
E=90
— F=1GHz

Num=2 S_Param

Z=100 Othum 2 sP1
$tart=0.001 GHz
Stop=10.0 GHz

Term O |$| S-PARAMETERS I
Term2 Inn

Step=.01 GHz
1.0
0.8 —
] z, =(50*/100)2
No 06 “+— =25Q
%o% 04| _25-100
£E A 254100
0.2 —
0.0 T { T { { T { T
0 2 4 6 8 10
freq, GHz
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Properties of S-Parameters
Reciprocal networks:
T .
Sl_j = Sﬁ or [S]1=[S] [Matrlx symmetry!]
Symmetrical networks:
Electrical Symmet
S.,=S. and S, =S, ymmety
Jj ij Ji .
and Matrix symmetry!
Lossless networks:
For a lossless passive network the scattering matrix [S] is unitary:
transp@f cciwlex-conjugate
T *
[ST [S] =[U]
Example: two-port network
Sn S12 T *
[S1= =  [ST[S] =
S21 S22
20
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Properties of S-Parameters

Reciprocal networks:

Sij = Sﬁ or [S]= [S]T [Matrix symmetry!]
Symmetrical networks:
S;=8; and S, =S5,
twork

PHYSICAL SYMMETRY?

Electrical Symmetry
and Matrix symmetry!

Example: two-port netwo
Sll Slz

1= [S21 Sy

} - [S][ST =7
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Lossless Two-Port Networks

Sl S12 T Sll S21 * l*l 1*2
[S]=[1 ] [S]=[ ] [S]=[S* Sw

S21 Szz S12 Szz 521 ng
Then
[S]T[S]* _ Sll S21HS1:1 Sl}] _ |S11*2 +|S21|2* S11S1*§ + 521S2;2
S Su]|Sy S» S1811 + 8,5, |Slz| + |S22|
From unitary condition follows: Example: lossless TL
|Sll|2 +|Szl i = |Slz|2 "'|Szz|2 - LSH 60 ]

‘ 2

-1

S 8 +8.8 =0=8.8 +S, 8| Sl sl =l +fe”
12 11+ 20221 — - M1 12+ 21~22 . . ) )
S8 +8,80 =e -0+ -0=0

22
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Lossless Two-Port Networks

Sl 1 Sl 2 T Sl 1 S2 1 * l*l 1*2
[S]=[ ] [S]=[ ] [S]=[S* S"}

S21 Szz S12 Szz SZl Szz
Then
* * 2 2 * *
[S]T[S]*=[S” Szl} Sn Slz _ |S11 +|SZI| SnSn"'SzlSzz
* * % * 2 2
Sn SullSy Sy S181 +8,8,, |S12| +|S22|

for passive (lossy) networks

|SH|2 +|S21 ’<l= |S12|2 +|Szz|2
S1251*1 + S2zS;1 =0= S11S1*2 + S21S;2

23
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Terminated Port: All port (reference)
yommm T T T T . impedances are
([ N
ZS pornt 1 port 2 .. Zo,,gf

B Sll Slz \\\
E \ S Sy ZL,"

: F E V=TV,
En?-_“ one-port network L= 2 Lw2

sy . r,s
S LI A VR A TR A A
- + + -
Vy =S, +8,0, L722
special case: Z,=0 2> I'| = -1
mm) [,-S LTS S S
R B o T, =5, -——22
L~22 in — M1l 1 S
(Z.=Z, ) + 22
s~ “0ref
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Shift in Reference Plane

A
S12< )
A
| >S5
A ? A
6, = BN S“__/i ) N = @ 522 6, = BAl
1= 1 X X LWO-POE * 7 2= 2
i i Networ i i
B+ _ i A+ 0. ~_ [SB] : — B+ _ —jbhy A+
neet T e o et
B _ by d- A Al Ay ?VZB_A]_E’ vt B 6,7, 4
V; =e IV; | 1 ' 2 V2_=e']2V2_
shift in shift in
reference plane reference plane

R U B R U | L
0 e ||| |Sh Su|| 0 ||

Sh Sk _ 0[Sy Sp][e” o
Sn Sp| |0 &"||S Sn|| 0 "

25
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S-Matrix Renormalization
—1 -1
S=(z,+U)'(z,-VU)=(z,-U)z, +VU)
-1
Z,=(U+S)(U-8)
new -1/2 -1/2 old
Zn = RO,new Z RO,new = F Zn F
i . (z,=-R, = real)
Renormalization matrix
VR R0 0
F= 0 0
0 0 RS /R
26
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Example

—— Measurement
== Initial ECM
05| mm » Perturbed & Augmented ECM

7

/
)
/

N
N

%9
‘r!;

~{

g‘?

5%
s
=

il
J

Circuit Model

20=1250 20=120.937 @
Delay= 17.4773 pSec Delay= 12.7088 pSec

125Q | c1=205.938 fF
-|_ c2=20 fF-|_

R3=186 Q

R1=8958 Q

27
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Comparison of Different Port Normalizations

Z,,=125Q  Z,, =155Q Zyy = Zy, =509

- Measurement 075
=== Initial ECM == Measurement
ms\ - Penprbed & Augmented E(;M 2 "5 === |nitial ECM N
NG < e R s /> mi Perturbed & Augmented ECM 22
/// /< e T
/ 5. S/ N\

o “\y/
¢\

\\ /\\ b
22

s -

o

28
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Voltage Transfer Function from
Scattering Parameters

RO 11—> 4—[2

> Yoo Su
Vi 1+8),

29
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Example

Matched 3dB attenuator (Z, = 50 Q) (Ref: Pozar pp. 175/6)
Z,=50Q 8.56 Q 8.56 Q

Z, =50Q

LE, Z,, =41.444Q +8.56Q ~ 50Q

V2=Vl( 41.444 )( 50 )=0_7077V1

41.444 +8.56 )\ 50 +8.56

Sy =S5 =0 S,=5,=07077 IL=-20log,S,|=3dB

30
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Example using Z-Matrix
Z,=50Q 8.56 Q 8.56 Q

141.8Q <= Port

O O

150.36 141.80
“1141.80 150.36

Z, =50Q

Zy,=2,,=50Q
[3.0072  2.8360] [ )
Z RZR - o[ 0 07077
2.8360  3.0072 0.7077 0
Z,,=50Q Z,,=100Q
13.0072  2.0054] [0.1670  0.6672
Z =R—l/2ZR—l/2 = ° : S=
e ‘ 2.0054 1.5036 0.6672 -0.3333
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Attenuator terminated in Z, =10022 and T = Zi =20, - 100-50 - 1
S-Parameters wrt Z, ,=Z, ,=50Q LZ+ Z,, 100+50 3
I,S,S 11 1
[, =8, + 12 =T,5,5, = - —=—==0.167
1-T,S,, 32 500
Attenuator terminated in Z,=10022 and _ Z, =2y,
S-Parameters wrt Z,,=50Q Z,,=100Q@ * 7 | Zy, -
T, =8, +50% _5 0167
e f322)072 2.8360]
. . [ 0.7077
Z = Ral/z 7 Ral/z _ S 0
2.8360  3.0072 0.7077 0
Z,,=50Q Z,,=100Q
13.0072  2.0054]7 [0.1670  0.6672
7 —RMVZRM=|"" ‘ S =
o ‘ 2.0054 1.5036 0.6672 -0.3333
- . 32
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Conversion between Network Parameters

N z Y ABCD
p (T = 20+ 700~ 2y oY)t + Vi) + Vit A+B/Z-CZ0-D
Sin i A7 A+B/Z+CZ+D
. 2Z12Zo =2¥np¥y 2(AD — BC)
Si2 S Az AY A+B/Z1CZ+D
s 2212 =2V Yo 2
S ' Az Ay A+B|/Z+CZo+ D
Sz 2 2z g A+B/Zo+CZ+D
(L Su)1 = Sn) + S Ya a
& 2O 50 = 52— S & i c
2512 =Y AD — BC
“ TS0 = 82— S “e wr c
P 285n =¥ 1
“ TS — Sa) = S @ ] c
(1§11 + 52)+ a5 . Tu LS
7 B S0 = S~ S8 = i c
a-swa Zn D
Tu “Trsna I i B
28, ~Zi BC-AD
e YOS + 520 = Saser 1z e —F
—28y —Zy -1
Yol YO TF S0 + 5 = S Tz T B
v (4 $1)0 = S22) + S Zn ¥, A
- TS0 + 52— 5125 ] # B
(14 Sl = Sn) + 128 Zuy ¥
4 s Z Va 4
(L 510001+ 52) = S1282y 1z | -1
s z 25, Zn i a ’
1 | fild]
¢ Z [ T ¢
Zn =¥
’ | Zn ‘ o >
R S _ - _
AY
12 = Z1Z2 = ZnZa: Yl =YnYa - Yl AY = (Y11 + Yo)(¥22 + Yo) — YiaYai; AZ =(Zy + Zo)(Z22 + Z0) — Zi2Z215 I\Yn:l/Zo 7
33
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Properties of Network Parameters
.
= Symmetric Two-Port Network
11 22 11 22 11 } 22
assuming the same port impedances
= Reciprocal Network
* Lossless Network
Re{Z,}=0 Reft,f=0 S'S"=1I M
i ij ImA, D=0
2 2
eg. |8, +|S,| =1
11 21
34
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